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Abstract 
Gilbert. N.D.. Identities between sets of relations, Journal of Pure and Applied Algebra 83 
(1993) 263-276. 
Algebraic structure theorems for relative and triad homotopy groups of a cellular model of a 
group presentation are used to study notions of dependence between the relations. 
1. Introduction 
The investigation of the identities among the relations in a group presentation 
(X ( R) amounts to the study of the second homotopy group of a cellular mode1 
K( X 1 R) as a central subgroup of the relative homotopy group 
4K(X 1 R), K’), w h ere K' is the l-skeleton of K. In this paper we investigate 
identities among the relations in a presentation 9’ = (X 1 R U S) in which the set 
of relations is partitioned, or equivalently, identities among the relations in two 
presentations 2 = (X I R) and Y = (X I S) with the same set of generators and 
disjoint sets of relations. From an examination of the algebraic structure of the 
relative homotopy groups r2(K (X I R) , K') and r2(K (X I S), K ') and the triad 
homotopy group 
nx(K(X 1 R U S>; K(X I R), K(X 1 S)) 
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there arise some results on interrelated notions of identities between the sets of 
relations R and S. 
A theorem of Whitehead [16, 171 describes the relative homotopy groups 
mJK(X 1 R) 3 K’) as a free crossed module with basis given by the classes in 
n,K’ of the attaching maps of the 2-cells, and the approach of the present paper 
is largely phrased in terms of crossed modules, or more prosaically, in terms of 
the action of rr, K’ on relative homotopy groups. Section 2 contains a review of 
the algebraic constructions to be used. Section 3 exploits the decomposition of 
nz(K(X 1 R U S>, K’) as a coproduct, or Peiffer product, of QT~( K( X 1 R), K’) 
and r2(K(XI S), K’) t o examine identities between the sets of relations mea- 
sured by the F(X) -module (( R )) fI (( S )) / [ (( R >> , (( S ))I, where (( )) denotes normal 
closure in F(X). The sets of relations R and S are independent if ((R)) n ((S)) = 
L{(R)> lS)l; h’ t 1s concept of independence has been studied by Lyndon [ 121, 
Gutierrez and Ratcliffe [9], and Huebschmann [ll]. We relate the Peiffer product 
decomposition to relation module structure. Section 4 examines the action of 
((S)) on the module of identities among the relations R. Following the approach 
of Sieradski [15] we consider S-balanced and S-coupled identities and interpreta- 
tions of third homology groups in terms of such identities. In Section 5, the triad 
group 
~T~(K(X I R u S>; K(X 1 R), K(X I S>> 
comes into play. The generalised Van Kampen Theorem due to Brown and Loday 
[4] implies that the triad group is a non-abelian tensor product of the relative 
groups ITT,(K(XI R), K’) and ~T~(K(XI R), K’). The tensor product permits a 
unified treatment of S-balanced identities among the relations R and of R- 
balanced identities among the relations S. Computations, in the form of exact 
sequences of F/[(R)), ((S))]- mo u es, are given for the consequent measure of d 1 
balanced identities between the sets of relations. 
2. Algebraic background 
We give a brief review of the algebraic constructions to be used in the 
subsequent sections: most of the material is expounded in detail elsewhere. We 
begin with the construction of free crossed modules: good references for further 
information are the surveys [3] and [14]. Recall that a crossed module consists of a 
group homomorphism p : C+ F, called the boundary map, together with an 
action of F on C satisfying 
(1) for all cE C and WE F, (c”‘)p = w-‘(cp)w, 
(2) for all a,c E C, c” = a-‘ca. 
Let F be a group and f : R+ F a function from a set R to F. Let E(R) be the free 
group on R x F and let F act on E(R) by (r, x)I’ = (r, xy). There is a homo- 
morphism 8 : E(R) + F given by (r, x)f3 = x-‘(rf)x. A basic Peiffer element in 
E(R) is one of the form a-‘b-lab”“, where a,b E E(R), and the Peiffer group 
P(R) generated by all the basic Peiffer elements is a normal, F-invariant subgroup 
of E(R) contained in the kernel of 19. The quotient C(R) = E(R)/P(R) inherits an 
F-action and the homomorphism p : C(R) + F induced by 13 is then a crossed 
F-module. Indeed, C(R) is the free crossed module on the function f, that is, it 
possesses a universal property the details of which are set out in [3]. We shall 
write (r, x) for the image of (r, x) in C(R). We quote two facts whose proofs may 
be found in [3]. Firstly, if p : C + F is a crossed module such that p : C-, Cp has 
a splitting, then as a group C is isomorphic to the direct product ker p X Cp, and 
hence ker p f’ [C, C] = 1. Secondly, if p : C + F is a free crossed module, with 
G = FIC(R)p, then the abelianisation C(R)“’ is a free G-module, and there is an 
exact sequence of G-modules 
04 ker p* C(R)‘lh+ (C(R)p)ah-+O. 
A convenient characterisation of the elements of the Peiffer group was given by 
Papakyriakopoulos [13], and we paraphrase here the version given by Sieradski in 
]15]. 
Theorem 2.1. Let p : C(R)+ F be a free crossed module and suppose that 
ker p n [C, C] = 1. Then an element w = n,,, (r,, LI,)~’ of the kernel of 
8:E(R)-+F( h ( w ere r,, ui)E R X F and F, = ?l) lies in P(R) if and only if the 
indices full into pairs (i, j) such that r, = r,, E, + F, = 0 and u, = u, modulo 
tR1. q 
Given a group presentation 9? = (X 1 R) we construct a free crossed module by 
taking F to be F(X), the free group on X, and f : R-+ F to be the inclusion. The 
image of p : C(R)-+ F is the normal closure ((R)) of R in F and the group 
presented by % is G = Fl ((R)). Then ker p is a G-module, called the module of 
identities among the relations R and denoted by nZ(%). This construction can be 
described in terms of a cellular model K(X ( R) of the presentation, with 
l-skeleton K’: we may identify F with v,K’ and C(R) with r?(K(X 1 R), K’), 
the module of identities ~Z(!X) is then identified with n2(K( X 1 R)). For a full 
account of these identifications, see [3] or [14]. A presentation (X ( R) is 
aspherical if the module TV of identities among the relations is zero, that is, if 
the cellular mode1 K (X I R) is an aspherical 2-complex. 
Suppose that a group B acts on a group A. For any a E A and b E B, we denote 
by [a, b] the element a-la’ of A, and [A, B] denotes the subgroup of A 
generated by all such elements [a, b]. Then [A, B] is normal in A and the 
quotient A / [ A, B] we denote by AR. Note that B also acts on A”” and that there 
is a canonical isomorphism (Aah), z (A 8)“h. The augmentation ideal of the group 
ring ZB is denoted ZB: there is an isomorphism (A’lh), z A”h/A”“IB of trivia: 
B-modules. 
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We now turn to coproducts of crossed modules. The underlying algebraic 
construction, named the Peiffer product in [7], was first given by Whitehead in 
[ 161, and later studied by Brown in [2]. Suppose we are given crossed modules 
p : A + F and (T : B -+ F. Then A and B act on one another via F, and we denote 
by II the normal subgroup of the free product A * B generated by all elements 
a-‘b-‘ab”” and b-la-‘bah”, where a E A and b E B. Then the Peiffer product of 
A and B, denoted A w B, is the quotient A * B/IT. The inclusions i : A 9 A * B 
andj:BrA*Binducemapsi,:A~wBandj,:B-,AwBbutthesemaps 
need not be injective, see [l], [2], [6] and [7]. The Peiffer product A w B is again 
a crossed F-module with boundary map r : A w B -+ F induced by p and CT, and is 
the coproduct of A and B in the category of crossed F-modules, see [2]. We shall 
write A and B for Ai, and Bj, respectively. The following proposition sets out the 
properties of the Peiffer product that are made use of below: parts (3) and (4) are 
due to Bogley and Gutierrez [l]. 
Proposition 2.2. Let p : A + F and CT : B- F be crossed modules and let 
r : A E-C B + F be their Peiffer product. 
(1) The subgroups A and L? are normal in A w B, with A W BIA z B, and 
Am BIB= A,. The quotient AM BI[A, R] is isomorphic to A, x B,. The 
abelianisation (A ~0 B)‘lh is isomorphic to (A tl)ah @ (BA)? 
(2) [ker p, B] 5 k er i, 5 ker p n [A, B]. 
(3) (ker p)i, n (ker a)j* = ker r fl [A, I?]. 
(4) Zf T : A w B+ (Ap)(Bo) h as a splitting then ker 7 n [ 2, B] = 1. It follows 
that ker i, = ker p fI [A, B] and ker j, = ker v n [B, A]. 
Proof. Part (1) is obvious. For part (2), we first observe that if k E ker p and 
a E A then [k, u]i, = [a, k]-‘j,: = [a, kp]-‘j, = 1 so that [ker p, A] 5 ker i,. Now 
it is clear that ker i, 5 ker p and that the natural map ker p-’ A, factors through 
Am B-+ Am B/[A, R], whence ker i:, <[A, B]. For part (3) it is clear that 
(ker p)i,, = ker r n A and that (ker a)j,, = ker r n B : part (3) now follows since 
A n 6 = [A, El, by part (1). For part (4), we know that ker T fl 
[AwB,AwB]=l,henceker7n[A,B]=landsoker7embedsinA.XB,. 
It follows that ker i:, = ker p fI [A, B] and similarly that ker j, = ker (T fl 
[B, A]. 0 
In Section 5 we employ a tensor product of crossed modules, and Whitehead’s 
r-functor. and there recall their definitions. 
3. Independent sets of relations 
An identity among the relations in a presentation (X 1 R) may be interpreted 
as a formal product of conjugates of the relators, taken modulo the Peiffer group, 
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that becomes trivial when evaluated in F(X). There follows an immediate notion 
of what constitutes an identity between the sets of relations in two presentations 
(X] R) and (X] S): such an identity should be a formal product of conjugates of 
relators in R U S that becomes trivial when evaluated in F, taken modulo the 
Peiffer group and modulo the identities among the sets of relations R and S taken 
separately. To pursue this notion we use the Peiffer product of crossed modules. 
We now fix some notation for the remainder of the paper. We consider 
presentations~=(XIR),S=(XIS)andB=(XIRUS),presentinggroups 
G, H and Q respectively, where we assume that R II S = 0, and so write R U S for 
the union of R and S. The ambient free group F(X) will be denoted by F and (( )) 
always denotes normal closure in F. We set N to be the kernel of the natural map 
G+ Q and M to be the kernel of the natural map H * Q. Now given (X I R) , 
(XIS) and (X] RUS) we may construct the free crossed modules 
p:C(R)+F, a:C(S)+Fand T:C(RLIS) -+ F. Since F is free, each of p, (T 
and r has a splitting. 
Proposition 3.1. The crossed module C(R U S) is the Peiffer product of C(R) and 
C(S). 
Proof. The result follows from the coproduct property of C(R) w C(S) estab- 
lished in [2]. 0 
The Peiffer product decomposition of C(R U S) now provides the framework 
for the notion of an identity between the sets of relations R and S. We have the 
F-modules rr*(%!) and am of identities among the relations R and S, and a 
homomorphism k *: ~*(~)@~2(~) -+ n*(P) induced by i, and j,. From parts 
(3) and (4) of Proposition 2.2 the image of k, is isomorphic to the direct sum 
%(S > %(Y) 
n*(B) n [C(R), C(S)1 ’ 7~2(V n [C(S)> C(R)1 
We define the module of identities between the sets of relations R and S to be the 
F-module r*(p)) lim k,. It follows from the exact sequence of [2, Proposition 
2.81, that the module of identities between the sets of relations R and S is 
isomorphic to ((R)) f’ ((S)) I[(( R)), ((S))]. This quotient is a natural measure of 
the redundancy between R and S and its relevance is clear without mention of the 
Peiffer product. However, the Peiffer product provides a convenient algebraic 
setting, linked with the homotopy groups of cellular models of the presentations. 
Following [9], we call the sets of relations R and S independent if ((R)) n ((S)) = 
[t(R)> tSi$l. Th’ 1s conforms with the usage in [ll]. 
Examples. (1) If R and S have the same normal closure in F, then the module of 
identities between the sets of relations is isomorphic, as an (Fi (( R)))-module, to 
the relation module ((R)) ab. 
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(2) Gutierrez and Ratcliffe [9], and Huebschmann [ll], also consider the 
quotient ((R)) n ((S)) /[((R)) , (S >>I. In [9] R is taken to be a single relator and S 
to be the remaining relators of a given presentation (X 1 T), and it is shown that 
the module of identities r2K (X 1 T) is the direct sum of the r2K (X 1 Y) , where 
r E T, if and only if for each r E T the sets of relations {Y} and T\(Y) are 
independent. Huebschmann proves that if (X 1 T) is a presentation in which no 
relator is a proper power, then every subcomplex of K( X 1 T) is aspherical if and 
only if, for every partition T = R U S, we have R and S independent. 
(3) Lyndon shows in [12, Theorem 2.41, that if X can be partitioned as 
X = X, U X, such that R C F(X,) and S C F(XZ) then R and S are independent. 
Proposition 3.2. Let R and S be independent sets of relations such that 
[(R >> , ((S))] contains no element of R or of S. Then no element of R is conjugate 
to a power of an element of S, and vice versa. 
Proof. Suppose that r = w~‘.s’w, where r E R, s E S, w E F and q # 0. Since, by 
Theorem 2.1, (r, l))‘(s, w)“$P(R U S), we have that (r, 1) -‘i,( s, w)‘j* is a 
non-trivial element of n?(Y)). If it also lies in im k, then for some a E ~~($3) and 
b E ~~(9) we have 
(r, l)-‘i:,(s, w)“j* = ai,bj, . 
Reducing modulo im i:,, it follows from Proposition 2.2 that (r, 1) = a modulo 
[C(R), ((S))], whence r E [((R)) , ((S))]. This is a contradiction. 0 
In practice, the calculation of the module of identities between sets of relations 
is often a non-trivial matter. A special case is dealt with in the next result. 
Proposition 3.3. Suppose that 
Then ((R)) n ((S))/[((R)), ((S))] is isomorphic to H,(M)@H,(N). 
Proof. The given condition is equivalent to the injectivity of the natural map 
((R U S))‘lh+ APh G3 N’lh and so the result follows immediately from the homolo- 
gy exact sequence 
obtained from [2] (see also [ 11). 0 
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We now state our main result on independent sets of relations. 
Theorem 3.4. If the sets of relations R and S are independent, then the relation 
module of the presentation Q = (X 1 R U S) d ecomposes as the direct sum of the 
Q-modules obtained from the relation modules of the presentations G = (X 1 R) 
and H = (X 1 S) by extension of scalars along the natural maps G+ Q and 
H* Q. 
Proof. The abelianisations C(R)a”, C(S)“b and (C(R) W C(S))‘” are free modules 
for ZG, ZH and ZQ respectively, and by [3] we have free presentations 
of the various relation modules. Independence of the sets of relations and part (1) 
of Proposition 2.2 together imply that there is an exact sequence of Q-modules 
and hence a direct sum decomposition of (( R U S >> ‘lb as AR @ As, where we have 
exact sequences of Q-modules 
4% > 
‘- T2(g) f-- [C(R), C(s)] --$ (C(R)“h).,s,+ At< o 
and 
T?(V 
‘-+ T2(y)” [C(s), C(R)] -(C(S)“h),.,t?,+ A.S-o’
Since C(S) acts on C(R) via F, we have 
whence A, is isomorphic to the Q-module ((R)) ‘lb &c; ZQ. Similarly we have 
A,s= ((S))“h@LHZQ. •I 
Example. Let 9’ = (X 1 r,s) be a 2-relator presentation, where neither r nor s is a 
proper power in F, so that by Lyndon’s Identity Theorem [12] the presentations 
(X] r> and (Xl > s are aspherical and their relation modules are freely generated 
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by the images of Y and s in (( y))“’ and ((s))‘~. It follows that the module of 
identities among the relations {Y, s} is 
whence r and s are independent if and only if (X 1 r,s) is aspherical, in which case 
the relation module ((r, s))~’ is a free ZQ-module of rank 2. Dunwoody’s 
2-generator, 2-relator presentation of the trefoil group [5] with a non-free relation 
module gives an example of dependent relators 
r = yxy-‘xyxy-‘x-‘yx~‘y~‘x~’ , 
s = y~‘xyxy~‘x~2yxy~‘xyx-‘y-1xyxy-‘x-2. 
4. Balanced and coupled identities 
Sieradski [15] defines an element ni,, (ri, u~)~’ of E(R) to be a balanced 
identity if ni,, u,‘r:u, = 1 E F and if the indices fall into pairs (i, j) such that 
rl = ri and E; + E, = 0. It is immediate from Theorem 2.1 that elements of the 
Peiffer group are balanced identities. We choose to work modulo the Peiffer 
group, and we call an identity among the relations R (that is, an element of 
GT~(%!)) S-balanced if it has an expression n,,, (r,, ~4,)~’ whose indices fall into 
pairs (i, j) such that r, = r,, e, + E, = 0 and ~1, = ~1, modulo ((S)) It is immediate 
that the S-balanced identities form a normal subgroup of C(R). The subgroup 
]~*(~2)9 ((Sjl of r1(%) we call the subgroup of S-coupled identities among the 
relations R, again following the terminology of [15]. 
Theorem 4.1. The subgroup of S-balanced identities is 
772(532) n [C(R), (S))l . 
Proof. Modulo the action of ((R)), the group C(R) becomes abelian, and it 
follows that modulo the action of ((R L_ S)) , an S-balanced identity is trivial. Now 
if k E ~~(9) f’ [C(R), ((R U S))] then k is S-balanced since 
[C(R)> tRU Sjl= [C(R)> (R~l[C(R), ((Sjl 
= [C(R), C(WI[CW), (S>l. 
This shows that the subgroup of S-balanced identities is r*(% > l-l 
[C(R)> ((R u Sjl. N ow let k = nIIE, (r,, ui) Fz be an S-balanced identity in C(R) 
and let k = nIIEI (r;, uL)F1 be its obvious preimage in E(R). Then by Theorem 2.1 
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k” is an element of the Peiffer group P(R U S) and therefore lies in the kernel of 
the canonical map i, : C(R)+ C(R U S). By Proposition 2.2 we have 
]7~2(%), t(S)1 Sk er i, 5 ~~(3) n [C(R), ((S))], whence 
and the result follows. 0 
Corollary 4.2. The quotient 
of the S-balanced identities among the relations R by the S-coupled identities is 
isomorphic to the third homology group H,(N). 
Proof. The exact sequence 
is a partial .Z G-free, and so ZN-free, resolution of Z, whence 
and the result follows from Theorem 4.1 0 
Examples. (1) Consider 9 = (x, y 1 xm’yxy, ym’xyx), presenting the quaternion 
group Q of order 8. Then G s Z X ‘p Z g H with non-trivial action cp : Z- Z,, and 
M and N are free abelian of rank 2. Since H,(M) = 0 = H,(N), all balanced 
identities between the relations are coupled. 
(2) With 9’ = ( x, y 1 xm’y2xy2, y-‘x*yx’) then 9? = (x, y 1 Y1y2xy2) presents 
G as an HNN-extension of an infinite cyclic group, so that N is the fundamental 
group of a graph of groups whose vertex groups are infinite cyclic, and the 
Mayer-Vietoris sequence for the homology of N shows that H,(N) = 0: likewise 
H,(M) = 0, so again every balanced identity is coupled. 
(3) A one-relator product is a group of the form Q = (A * B) lM where M is the 
normal closure of a single element r E A * B with Irl 2 2. See [lo] for a survey of 
one-relator products. Given presentations (X, 1 S, ) and (X, 1 S,) of A and B 
respectively, we may replace r by a word in X = X, U X2 to obtain a presentation 
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PP=(XIv,S)ofQ, h w ere S = S, U S,. Then H = A * B and G is the one-relator 
group presented by (X 1 Y). If A and B naturally embed in Q then, by the Kurosh 
Subgroup Theorem, M is free and every { r}-balanced identity between the 
relations S is coupled. 
5. Applications of the non-abelian tensor product 
There is an obvious connection between S-balanced identities between the 
relations R and R-balanced identities between the relations S given by the 
correspondence [x, y] H [y, xl-‘, where x E C(R) and y E C(S). However, there 
is no reason to suppose that this correspondence induces a homomorphism 
[C(R), ((S))]- [C(S), ((R))]. This defect may be circumvented by using the 
tensor product C(R)@C(S) which has both [C(R), ((S))] and [C(S), ((R))] as 
quotients. 
Let p : A - F and (T : B - F be crossed modules. Their tensor product A @ B is 
the group presented with generators a 8 b, where a E A and b E B, and relations 
aa’@b=(a’@b”P)(u@b), u@bb’=(u@b)(uh”@b’). 
The definition of the tensor product is due to Brown and Loday [4], the relations 
just given are a minor variant of those in [4], see [7]. A check on the preservation 
of these relations shows that there are homomorphisms 6, : A @ B - [A, B] and 
6, : A @ B- [B, A] taking a @ b to [a, b] and [ 6, u]-’ respectively. Furthermore, 
A @ B is a crossed F-module with boundary map n : a C3 b H [up, ba]. 
From the crossed modules p : C(R)-+ F and [T : C(S)+ F we form 
7 : C(R)@ C(S)+ F. N ow ker q is the common preimage in C(R) @ C(S) of both 
the S-balanced identities among the relations R and the R-balanced identities 
among the relations S and so is a measure of the balanced identities between the 
sets of relations R and S. We shall denote ker q by B(R, S). The maps 6C.(R) and 
. 
6,.,, induces a surjectron 
by virtue of the following lemma. 
Lemma 5.1. The group B(R, S) is generated by ker SCcRI and ker 6c(sI. 
Proof. Note that as groups C(R) E ~~(6%) x A with A F ((R)) and C(S) z 
~~(9”) X B with Bz ((S)). A generator ku@lb, where kE ~~(9)) 1E r2(Y), 
a E A, b E B, may be expanded using the defining relations for C(R) @ C(S) as 
ka @ lb = (a G3 l)(a @ b)(k @ l)(k @ b) 
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since kp = 1 = lu. It follows that C(R) @ C(S) is generated by all elements k C3 1, 
k@b, ~631, a@b where kEn-?(%), fEn2(Y), SEA, bEB, and that all such 
elements k @ I, k @I b, a C3 1 generate an F-invariant (and so normal) subgroup L 
of C(R) @ C(S) contained in B(R, S). Let H denote the subgroup of C(R) @ C(S) 
generated by all elements a @ b, where a E A and b E B. Then HaCcK) c A and 
pi4 is injective, so that H f’ B(R, S) c ker aCcR) and it follows that 
B(R, S) = B(R, S) f? LH = L(B(R, S) f-~ H) 
c (ker sCcRj, ker &)) . 0 
Now the map k, : T~TT?(%!)CB~T~(.Y) + ~~(9)) from Section 3 is included in the 
exact sequence of Fl[ (( R >> , (( S))] -modules 
O- ker 8ccR) fl ker i!5c(s)-+ B(R, S)% r2(%) @ ‘TT,(Y) 
Ideally, we would wish to compute B(R, S) as an (F/[(( R)), (( S))])-module, or 
to compute the submodule ker 8ccR) il ker acts). By Corollary 4.2, 6(.(RJ induces a 
surjection B(R, S) -+ H,(N), similarly 6c.(s) induces a surjection B(R, S)+ 
H,(M), and these combine to give a map 6, : B(R, S)-, 
H,(M) @H,(N). -I- ensoring the inclusion ~~(9) 4 C(R) with C(S) gives a map 
TV, ‘8 C(S)+ B(R, S) an d similarly we have a map C(R) 63 r2(Y)- B(R, S); 
these combine with the inclusion ker 6C.(K) fl ker 6c(,s) 9 B(R, S) to give 
P : (~~iT,(~)~C(S))~(C(R)~~~(,iP))~(ker6,.(,, nkcr%,,s,) 
+B(R,S). 
Proposition 5.2. The sequence 
(~~(3 >@ C(S)) @ (C(R) @ T(W) @ (ker %cRj n ker &c.s,) 
L B(R, S)L H,(W@H,(N-0 
is exact. 
Proof. The preimages of [r~(%?), ((S))] and [r?(Y), ((R))] in B(R, S) are 
(~A~) @ C(~))P ker +I and (C(R) @ -/r7(9?.))p ker 6c(s) so that 
ker 6 * = (~~(9) @ C(~))P ker s,.(,, n (C(R) 69 ~AW)P ker &, 
= ((7~2(% ) @ C(S)) @(C(R) @ rAW))p(ker $.(R) n ker %& 
and exactness at B(R, S) follows. 
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The surjectivity of 6, follows from that of 6 * given by Lemma 5.1. 0 
If ker 6C.R) fl ker acts) = 1 then B(R, S) = ker 8ccR) @ ker a,(,, and the exact 
sequence of Proposition 5.2 is the direct sum of sequences 
and 
where the HI-terms arise from [S, Proposition 3.21, which says that r*(Z) @ C(S) 
is isomorphic to the usual tensor product ~~(3) @c(s) ZC(S) of C(S)-modules and 
that similarly QT~(~‘) @ C(R) g ~z(Y) ‘@‘C.(R) ICY(R). The significance of the H,- 
terms is made clearer by a further use of the direct product decompositions of 
C(R) and C(S) as ~~(6%) x ((R)) and ~~(.!?p) x ((S)) respectively. For it follows 
that H,(C(R), -rr,(Y))^I ~T~(~)~~~~(Y)~H,(((R)), rr?(Y)) (with M acting tri- 
vially on r*(g))), and similarly that H,(C(S), rr*(%?))) g r*(g) @.N ~~(9’) $ 
H,(((S)), rr*(%))) (with N acting trivially on ~~(9)). 
In the amenable special case in which (X 1 S) 1s an aspherical presentation (for 
example, with S a single relator that is not a proper power in F(X)) we may 
obtain another exact sequence for B(R, S). This involves Whitehead’s r-functor 
on abelian groups, as defined in [18]. Given an abelian group A, the group TA is 
the abelian group with generators ya for a E A, and defining relations 
r(a-‘> = -Ya 3 Y(~~c)Ydvc = Y(ab)Y(bc)Y(ca) > 
for all u,b,c E A. Note that if a group B acts on A then an action of B on TA is 
given by (-yu)” = ~(a”). 
Theorem 5.3. Suppose that (X 1 S) 1s an aspherical presentation. Then B(R, S) = 
ker %(,) 7 and there is un exact sequence 
ofFI[((R)), ((S))]-modules. 
Proof. Since 7 = accs,a is injective, certainly B(R, S) = ker a,(,,. It is now 
convenient to suppress the generating set X in our notation, and so write a 
cellular model as K 1 R). Consider the homotopy sequence of the triad 
Identities between sets of relations 275 
A result of Brown and Loday [4, Corollary 3.21, gives an isomorphism 
and identifies the boundary map 
as &.(sj. Since K I R) II K 1 S) = K’, we have r3(K ( S), K’)E r3(K ] S)) 
= 0, and this identifies ker 6,.(,, with the relative homotopy group 
rQIRU%K/R)).Th e exact sequence of the theorem is now obtained from 
the homotopy exact sequence of the pair (K I R U S), K I R)); it follows from 
Whitehead’s exact sequence [18] that T,K I R) z rr2(L?? ) and that 
rr3K 1 RU S) = I-T~(~‘). I7 
Corollary 5.4. Zf (X I R) and (X I S) are aspherical presentations then there is an 
isomorphism 
r c f(R)) ” l(S) ^-qR s) :i L(R)), (S))l ’ 
of (F/[(R), (S>l)-moddes. 0 
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